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1. ludpepeHunajbHOe ypaBHEeHHE CONPAKEHHBIX MPOCTPAHCTB

W3BecTHO, 4YTO KOBapHMaHTHBIE W KOHTPABAPWAHTHBIE KOOPAHMHATHI MPOU3BOJIBLHOTO
BEKTOpA CBA3aHbI CUCTEMOM JIMHEWHBIX YPaBHEHUH.

OxaspIBaercsi, 4TO CymiecTByeT emé U nuddepeHraIbHoe YpaBHEHUE, CBSA3BIBAIOIICE
KOBapHaHTHBIE U KOHTPaBapUaHTHBIE KOOPIUHATHI IPOU3BOIHHOTO BEKTOPA.

PaccMOTpHM  COTIPSKEHHBIE  OA3MCHI {el,ez,e3} u {e,e,e, } coorsercrBenHO

. -~ 3
CONPSKEHHBIX JIMHEHHBIX TPOCTpaHcTB L™ u L;.

[To ompenenenuio, cKalsIpHOE MPOU3BEACHUE COMPSKEHHBIX 0a3MCHBIX BEKTOPOB PaBHO
3HaueHUsIM cuMBOJIOB KpoHekepa (3HaueHusM aenbThl KpoHekepa):

(ool

KoMmmnoHeHTHI MCETPUUCCKOTO TCEH30pa IMPOCTPAHCTBA L3 OIPECACIIIIOTCA CKAJAPHBIMHA
MPOU3BCACHUAMU 0a3UCHBIX BEKTOPOB 3TOT'O MMPOCTPAHCTBA:

(ei’ei): (ej,e,.)= 8;i =8
AHAJOTUYHO | JUISl CONPSDKEHHOTO MPOCTPAHCTBA:

(ei,ej)= (ej,ei)= g'=g".

—

Paccmotpum B L, IpOU3BOJIBHBIM BEKTOD 4 .
- 1 2 3
a=xe +xe,+xe,, (1)

roe x' - KOHTPAaBapUaHTHBIE KOOPIUHATHI TAaHHOT'O BEKTOPA.
COOTBETCTBEHHO, PA3JI0KEHUE JAHHOTO BEKTOpa MO0 KOOPAUHATAM B r OyJeT UMeTh BUJI:

a=xe +x,e’+xe’, (2)

rAC X; - KOBAPHAHTHBIC KOOPAWHATHI JAHHOT'O BEKTOpA.

YMuHoxkum (1) wm  (2) cxkamgpHO Ha  €;, COOTBETCTBEHHO  MOJIYYUM

—

(a,el)= x'g, +x’g, +x’g,,u (a,e1)= X, , FIIK MOXKEM 3aIHCaTh:
_ o1 2 3 3
X=X 8t X 8t X 853 (3)
Ymuoxad (1) u (2) ckanspHO cHayaja Ha e, IOTOM Ha e,, COOTBETCTBEHHO I10JIy4aeM:

2=121 222 3239
X X g, +Xx'g,+x'g 4)

X3 =x1g31+x2g32+x3g33. (5)
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Cucrema ypaBuenuit (3), (4), (5) ompenensieT 3aBUCHMOCTb MEXAY KOBApUAHTHBIMU H
KOHTpaBapUaHTHBIMH KOOPJAMHATAMH BEKTOPA & .
[pomudpdepenuupyem (3) mo x*, a (4) mo x', Torma, COOTBETCTBEHHO, MOIyYaEM:

0x 0x
aT; =g, U a—xi = g,,.- Ho, B cuity onpenenieHusi KOMIIOHEHT METPUYECKOTO TEH30Pa, MOXKEM
3aIMCaTh:
0 x, _ 0 x, )
2 1°
0x 0x

JleiicTBys aHAJNOTHYHO, T. €. nuddepenuupys (4) mo x* u (5) mo x?, a Taxxe - (3) mo x°
u (5) 1o x', momyyaeMm COOTBETCTBEHHO:

0x 0x
axizax;’ ™
0x 0x
6x;=6x3' (8)

Bripaxkenus (6), (7) u (8) Hu 4TO MHOE, KaK ycIoBuUs i TuddepeHIHaTbHOT0 YpaBHEHUS
B MOJHBIX AuddepeHnmnanax:

x,dx" + x,dx* + x,dx’ =0. 9)

VpaBuenue (9) Oyzem HaspiBaTh AuddepeHInanbHbBIM ypaBHEHHEM COTPSHKEHHBIX
MPOCTPAHCTB.

Pemum ypasaenue (9).

Jns ynmoOctBa BBenéM 00O3HAYCHHS, WCIIONb3yeMble B OOJBIIMHCTBE JIUTEPATYPHI IO

muddepeHIuanbHBIM ypaBHeHHAM: X' = x, X' =y, X’ =z u X, = P(x,y,z), x, = Q(x,y,z),
X, = R(x, y,z). B sTux 0603HaueHusx ypaBuenue (9) npumeT BUI:

Pdx +Qdy + Rdz =0,

rne P=xg, +yg,+28;, Q=Xg, +Vgy» +78y, R=Xxg; +yg; +128;. Ilomuum, dro
8;=8ji-

'[de+ Ody + Rdz = F(x,y,z) = const .

F(x,p,2)= [ Pax+q(y)+r(z) = [ (xg,, + vz, + 78, ) e+ a(p)+ r(2) =

2

=8n xT+g12yx+g13zx+q(y)+r(z).
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oF oq
—— =8 X+_—=0=g,X+8,V+8,7.
oy oy
T. K 8,=8y,, TOIyyaeM Takoe yPaBHCHHC: ¢, =g8,V+g£;ui W

2
4(v)=[(g2y+gn2)dy =g, y7+ gx7-

AHaJIOTUYHO HAXOAUM r(z) .

OF or O0¢q or
= 83X+ + =8i3X+ +8uV=R=g,x+g,y+8:,2.
0z 0z 0z 0z

2
, /4
Otkyna, r, = g5,z . Torna r(z) = Ig33z dz=g,, 7
OKOHYaTEeIBHO MOTYYaeM:

2 2 2
X y z
F(x,y,z)= const = g, 7+g22T"'gss7+g12xy+gl3x5+g23yz-

Kak u3BecTHO, JaHHas KOHCTaHTa (T. €. MpaBas YacTh IOCJIETHETO BBIPAKEHHUS) HU YTO

MHOE, KaK ITOJIOBMHA JUINHBI BEKTOpa @, T.€ MHBAPHUAHT IS JaHHOI'O BEKTOPAa B MPOU3BOJIBHOM
0asuce MOO0TO W3 COMPSDKEHHBIX MPOCTPAHCTB TpEX u3MepeHwil. T. 0., ¢ y4€ToM mpaBuia
CIIO>KCHUS DUHINTEHHA, MOYKEM 3aIIHiCaTh:

a* =2 x,dx". (10)

B Hammx paccy’kaeHusX KOBapUaHTHbIE U KOHTPABAPHAHTHBIE KOOPAUHATHI COBEPIIEHHO
CUMMETPUYHBl OTHOCUTEJIBHO CONPSIKEHHBIX IPOCTPAHCTB, IM03TOMYy ypaBHeHue (10)
cripaBeyIiBee ObIJIO ObI MPEICTABUTh B TAKOM BHUJIE:

x;dx' = x'dx, =0, (11)

a gopmymny (10) - B CHMMETPUIHOM BHUJC OTHOCUTEIIEHO KOBAPHUAHTHBIX W KOHTPABAPHAHTHBIX
KOOpIUHAT:

a’*= Ixidxi +Ixidxi . (12)

Beipaxkenue (12), mo aHamorum ¢ TpaauIUOHHOW Ju(QepeHIHanbHOil MeTpUKON
(mpocreiimmii €& Bum: da’ =dx] +dx; +dx}), MOKHO Ha3BaTh MHTErPAILHOW METPUKOMH
COMPSIKEHHBIX TPOCTPAHCTB.

Ham kaxercs, yTo ObUIO Obl MHTEPECHO NpPOAHAIU3UPOBATh BbIpakeHue (12) ¢ Touku
3pEHHsI ero TeOMETPUUYECKOro CMbIcia (B OCHOBE I'€OMETPHUYECKOrO TMOHSTHS 3JIEMEHTapHOM
METPUKH JIekKUT TeopeMa [Irdaropa), HO 3T0 TeMa caMOCTOSITEIBHOTO UCCIIEJOBAHUS.
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2. Bropas kBagpaTu4Hasi GopMa 1 KOHHYECKHE MOBEPXHOCTH

B nanHoit paGote OyneT BB€AECHO MOHATHE HOPMAJIbHON KBaJpaTUUYHOW (OPMBI, IOKa3aHa
CBSI3b MEX]ly HOPMAJIbHON U BTOPOM KBaJpaTUUYHBIMU (JOpMaMU U PaCCMOTPEHA MOBEXHOCTb, IS
KOTOPOM HOpMasbHas U BTOpPasi KBaJpaTUUHbIE ()OPMBI TOXKIECTBEHHBI.

ITycth naHa HEKOTOpas NapaMeTpU30BaHHAas IOBEPXHOCTD F = r(u,v).

n

K 4 =
rv —
-7 ru
r
>
i
Puc. 1

—

Huddepennuan BexTopa uMeer BblpaxeHue dr =r,du+r,dv, BeKTOp n - sBISETCS

CAMHUYHBIM HOPpMAJIbHBIM BECKTOPOM K I[aHHOﬁ MOBCPXHOCTHU U OMIPCACIIACTCA KAaK

Paccmotpum auddepeninan ckaasipHOTo MPOU3BEACHUS F K .

— — —_ —

d(r -n)=dr ‘n +17-d17.

—

n-dr =n -(rudu+rvdv)= 0,
T. K. n-r,=0 u n-r,=0 (BekTOpBl ¥, U Fr, 00pa3yIOT KacaTelbHYIO0 IUIOCKOCTh). Torna
HOJTyYaeM:
d(r n )= r-dn

—_— —

Paccmotpum BTOpO# quddepeHnman cKaasspHOTO TPOU3BEACHUS I - 1 .

& n)=dl -an)=ar -an +7 - a*n (13)



O©®pany I'epman Hexomopuie 6onpocsi ougpgepenyuanvroii ceomempuu

Tak kak n -dr =0, 10 U d(n -dr )=0. PackpeiBas mocnenuuii  auddepernunan,

nonydaem: dn -dr +n -d’r =0 wm —dn -dr =n -d’r .
[ToacraBuM nosy4deHHoe BbipaxkeHue B (1):

& n)=r dtn = atr (14)

B Bripakennn (14) n -d*r - sBiseTcs BTOPOi KBaApaTHUHOH (HOPMOIA JUIS TIOBEPXHOCTH
r= r(u,v). Bripaxenuer -d’n GyneM HasblBaTh HOpPMalbHON KBaapaTHuHOi (opmoii. Toraa
BbIpakeHHE (14) SBISICTCS €CTECTBEHHON CBS3BIO0 MEXIY BTOPOH W HOPMAJIBHOW KBaJAPaTUYHBIMHU

bopmamu.

— —

Paccmorpum cnyuaid, korga (r n )= 0. DTO BO3MOXKHO B TOM Ciy4yae, KOrja pajauhyc-

BCKTOD, OMNMCBHIBAIOIINHN NOBCPXHOCTh, BCCrAa MPUHAAIICIKUT KacaTeJbHOM IIJTOCKOCTH,

—

00pa30BaHHOM BEKTOpaMHu ¥, U I, .
PaccMoTpuM KOHHYECKYIO0 IOBEPXHOCTH C BEPIIMHON B Havase koopauHar (Puc. 2)

/

- |

i
Puc. 2

I[JIH TaKkou TIOBEXHOCTH, paaAnyC-BEKTOp 7 , ABJIACTCA OJHOBPEMEHHO U O6p213y}OH_ICI>'I, T. €.

r BcerJa JIe)KHT B KacaTeIbHOM MI0CKOCTH. M, ciaenoBaTenbHo, Beceraa OyaeM UMeTh (r ‘n =0,
a u3 ypaBHeHus (14) cienyer, 4To BTOpas ¥ HOpMalibHasl KBaJipaTHUHbIE (POPMBI TOKAECCTBEHHBI.

—_— — —

n-d’r =r -d*n

(15)

Kak Bugum u3 Beipaskenus (15), Bropas kBaaparudHas (opma sl JaHHOM MOBEPXHOCTH
MOJKET OBITh 33/laHa CUMMETPUYHO 10 OTHOIIEHUIO K PaJMC-BEKTOPY M HOPMaIM HOJIYYEHHOM

ITIOBCXHOCTH.
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3. I'eone3snueckue JUHUM

JlanHas paboTa HOCUT CKOpee METOAMYECKHH XapaKTep HEXelU HCCIENOoBaTelIbcKuil. B
abCOIIOTHOM OOJIBIIMHCTBE JIMTEPATyphl MO KiIaccuuecko auddepeHnnansHo reomeTpuu
MIPAKTHUYECKU HE yNEAETCs, Ha HAIl B3IV, BHUMAHUS KOHKPETHOMY IIOCTPOCHHIO U PEIICHUIO
YPaBHEHUH I'€OIC3UUECKUX JIMHUN.

Msl paccmoTpuM 31ech ABa npumepa. [lonpoOGHOE MoIIaroBoe MOCTPOEHUE U PELICHHE
YPaBHEHHUI T'€0A€3NUYECKUX JIMHUN HA TIOBEPXHOCTH MPABUIBHOTO KOHYCA U TOpa.

Kak n3BecTHO, KOHMYECKasi MIOBEPXHOCTh MOKET OBbITh Pa3BEPHYTA HA IUIOCKOCTh. B 3TOM
cllyyae reoJe3U4ecKue JIMHUM JIOJDKHBI MPEICTaBIATh cO00M mpsMble JMHUU. B 3TOM MBI M
nocropaemcs yOeaUThCS Ha N3JI0KEHHOM HUKE TIPUMEPE.

Yro kacaercss TOpa, TO IMOCIEAHEE BpeMs TOp BCE OOble NMPUBJIEKAET BHUMAHHUE KaK
MaTeMaTHKOB, TaK U PU3UKOB. [103TOMY MBI pemmiy, B KaueCcTBE BTOPOT0O IpHUMeEpa, paCCMOTPETh
IIOCTPOCHHE T'€0JE3NYECKUX JTMHUM Ha IPOCTEMILIEM TOPE.

W3 ananmTHYeCKON reOMETPUH U3BECTHO, YTO YPAaBHEHHE KPYTrOBOIO KOHYCAa UMEET BUJ:

x2 y2 z2
A S (10)

B nunuHapruyeckux KOOpauHATax (p,¢,z) ypaBHeHue (1) MoxxeT ObITh NMPEACTABICHO B
rapaMeTpU4ecKoOM BUJIE:

p=a-z, x=p-Cos(¢), y=p-Sin(¢), azg.

3BKJ’II/I,ZLOBa MCTpUKa B MUIMHAPHUYICCKUX KOOpAuHaTax UMECT BUA:

ds* =dp’ + p’de® +dz*. Torma, B cuny Toro, uto p’ =a’-z> u dp=a-dz, MeTpuka Ha

KOHycCe B KoopauHatax (@,z) Gyaer uMeTs BUL:
ds’ =a’d7’ +a’7’de’ +d7’ =a’7'do’ + (a2 + l)dz2
B 00w1eM BHIE r€0A€3MIECKUE IMHUU Ha TIOBEPXHOCTH 3AIIMCHIBAIOTCS YPABHEHUAMH:

d*x* L dx’ dx’
2 +1;
dt Yodt dt

=0 (17)

YroObl moctpouth ypaBHeHUs (17) HEOOXOAMMO BBIUYMCIHTH CHMBOJBI CBS3HOCTH
(cumBomer Kpucrtoderns) F,.jk . CHMBOJIBI CBSI3HOCTH BBIUUCIISIFOTCS TI0 (hOpMYyJIe:

i Loul O, % 08
2 ox’  ox' ox

3Hast METPUKY, MOKHO TIOCTPOUTH MaTPUILy METPUUECKOIO TEH30pa:
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g =(311 ngJz a’y’ 0
! 81 8n 0 a*+1
OnpefenuTeNh MAaTPUIBI METPUUYECKOTO TEH30pa paBeH g =a’7’ (a2 + 1). O603HAYNM

uepe3 GV anrebpandeckue IOMONTHEHHS IS SJIEMEHTOB MATPULILI g ; » TOTIa:

. GY

g’ , g12=g21=g12=g21=0,
8
w G at+1l 1 » G a'z? 1
& g azzz(a2 +1) a’z?’ & g azzz(a2 +1) a’+1’
Beeném o0o3HaueHus: x' = Q; xl=z.
1 og og og
J ariapet u, %u_ Zsu | _ ).
=8 (axl ox'  ox'
1 og og og 1 og 1 1 1
j Ll u_ %n 9% |_1,n%un_2 2a’z)=~;
n=58 (6x2 ox' o' ) 2% o 2a2z2( ) z
ok N 021 +6g11 _agZI _1 g 081 _1,
un=58 1 2 1|5 38 2 - ?
2 ox ox ox 2 ox z
! =1g” 6g122 + ag122 _agzlz —0;
2 ox ox ox
AHAJIOTMYHO BBIYHMCIISIOTCS CUMBOJIBI CBSI3HOCTH MIUTA X .
2
I =lg22 ag211 +ag211 _aglzl :_l 21 2a’;=— ‘21 Z ;
2 Ox ox ox 2la” +1 a +1
1 og og og
T2=[t=—g2 2 YSu  “Su =0;
i =fa =58 ox'  ox?  ox?

1 og og og
2=l 2 YSn _Zon |_ ),
n=58 ( ox*  ox*  ox’

[Tonyuyaem cucremy nuddepeHIaIbHbIX ypaBHEHUM]:
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d’e 2dzd¢_0

dt*  zdt dt

d*z a’z do 2 (18)
) — 1 =0

dt a +1\ dt

Cucrema (18) u ectb cuctemMa ypaBHEHHM reo/1e3MYECKUX JIMHUI Ha KPyTOBOM KOHYCE.

d_¢_o dz . . . .

=@,, — =2,,T0THA 3, =2, Q,, U
dt t d(ﬁ [ t 4 t

) dz
BBeném oOo3HaueHuI: — = 7,

(1] L 1) L] 2 L] L 1)
zt=z¢'[¢,j T2, 9, (19)

Takum o0pa3om, wucnonb3ys (19) m cucremy ypaBHenuwit (18) momydaem Takoe
muddepeHraIbHOe ypaBHEHHUE:

2 L] 2 (1] [ ] 2 L] L] L] (1] L] 2 L] [ ] L] 2
a’z 2 2
2 Q| 20| P, T2 =—2:P, |=2p| P, | —Z%pZ0| P,
a” +1 b4 b4

nim

2
azz (1) 2 °
=Z¢)__ ng .
a’+1 4

[TomHs, 9TO Z €CTh PYHKIHS OT @ M OMycKas MHIEKC JUIS MPOCTOTHI 3aIUCH, MOCIIEeTHEE
ypaBHEHUE OyJeT UMETh BUJ:

[T} 2 ° 2 azz
-——|z| = . 20
z() a’+1 20)
Pemm ypasnenue (20).
(1] [ ] 2
2 2 2 2
(1] 3 a z z a
zz—Z-(zj = zz , —=2| = =7
a +1 Z b4 a +1
(1] L] 2
2
[ ] . z.z_(zj (1] L]
2 2 2
Cnenaem 3ameHy: — = p, Torma: p=—————=——|—| . OTkya umeem:
2 3 3 v
2 2
°_ 2 _ 4@ d_p_ 2 _ dp
pr a’*+1’ do a’+1’ ¢ '[ ) a’
+ 2
a +1

10



O©®pany I'epman Hexomopuie 6onpocsi ougpgepenyuanvroii ceomempuu

WuTerpupys nociaeaHee BbIpaKEHUE, MOTyYaeM:

[ 2 2
Q= a—HArctg[u] +C, WIN tg[

a a

N
—
hS)

o
NV’
|

N
:
+
.

Na* +1

[Tepexoast cHOBa OT p K z, IOJTy4aeM:

o+t tg[ ﬁ@—q)}w j,

m] Sin[ a:l+1 (¢C')% dp = infz) -

Cos["(q)-q)
a’+1

a

WuTerpupys nocieanee BhpaXkeHHe, UMeeM:

ln(z) =—In

Cos( \/ﬁ (p-c, )J

OKOHYATEIBHO MOJTyYaeM:
CZ

- CosL\/a:lT((p—Cl)J

DTO U €CTh ypaBHEHHUE T'€0JC3UYECKHUX JTUHUN HA KPYTOBOM KOHYCE.
ITycts TpeOyeTcs OCTPOUTH I'€0JE3UUECKYI0 JINHUIO, TPOXOIAIIYI0 Yepe3 TOYKU KOHyca
A(¢1,z1) u B(¢2,z2). W3 cucTeMbl ypaBHEHHIH

€2y

-

C,
7, =
a

Cos 5 ((01 - Cl)

) a +1

2, = <
Cos :l ((02 - Cl)

a +1

11
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Haxonum C, u C,. HaiineHHble 3HaueHHs HaJ0 MOJACTaBUTh B (21). D10 M OyaeT ypaBHEHHEM,

OIINCBhIBAOIIMM KpaTqaﬁmnﬁ IMyTb Ha NOBCPXHOCTU HAIICTO KOHYCAa OT TOYKH A((Dl ’zl) K TOYKC

B ((02 x4 ) .
[NpescTaBuM Halll KOHYC B BUJIE PAa3BEPTKU Ha TIOCKOCTH.

Al,a)

Puc. 3

Jns takoil pa3BEPTKM MOKHO BBECTH IOJIIPHBbIE KOOPAMHATHI /[ U «, KaK MOKa3aHO Ha
pucynke. Haiiiém BelpaxkeHus z = z(l ) u ¢(a), U TIOJIy4YEHHBbIE PE3yJIbTaThl OJACTaBUM B (21).

v

Puc. 4

2.2 2 2
p=a-z, l=\/az +3z =z\/a +1.

Vriasl ¢ U @ cBs3aHbl COOTHOLICHUEM: p - @ = - . OTKylla MojJydyaeM HMHTEPECYIOIINe
HAaC COOTHOIIIECHUS.

12
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P (i
a Va® +1

[ToncraBuB mosydeHHbIE BbIpaxkeHUs B (21), momydaeM ypaBHEHHs T€0JIe3MYECKUX B
MOJISIPHBIX KOOPIUHATAX (l , a):

2
/= C,Va" +1 22)
C.a C.a
Cos| ——— |- Cosla)+ Sin| ——— |Sinla
Ja? +1 ( ) va? +1 ( )

B obmiem Buze ypaBHenue (22) umeer BUA:

k

'= m: Cos(a)+ n- Sin(a)’

a 3TO HU YTO MHOE, KaK YPaBHEHHUE NIPSIMOM B IIOJIIPHBIX KOOpAMHATAX (l ,a).
AHAQJIOTUYHO CTPOSATCS YPaBHEHUS T'COJC3UUCCKUX JMHUU s Topa. MBI paccMOTpUM
IpOCTEeHIINIA TOp, A1 KoToporo r, = r, = R (Puc. 5).

Puc. 5

YpaBHEHHE Takoro Topa U MeTpuka dS B cepuuecKkux KOOpAMHATAX (p, o, 9) UMEIOT
COOTBETCTBEHHO BUII:

p = 2RSin(0), dr* = (d6)’ + Sin(0)" - (dp)’,

rae dL = ﬁ
2R

LJgemnvie unnrocmpayuu JI. Hluwxoeou u C. Bapxenmuna

13



O©®pany I'epman Hexomopuie 6onpocsi ougpgepenyuanvroii ceomempuu

[ToxaxkeM MaTpHIly METPUIECKOTO TEH30pa U CUMBOIIBI Kpuctoderns.

i = [1 0 J’ g = Sin(6)",

0 Sin(6)"
Ty =Th=Th=Ti=Ti=0, k= 48in(6) - Cor(0). I}t = I = 2015(0)

[Tonyuaem Takyro cucreMy An(pdepeHIUATbHBIX ypaBHEHUH Te€0le3MYEeCKUX JMHUNA Ha
MIPOCTEULLIEM TOPE:

A0 . (v dp\"
” Sm(ﬁ) Sm(20) (dtj =0

oy cutor () ).

dt® dt \ dt

Pemas nannyro cucreMy, aHaJOTUYHO BBILIEIPUBEIEHHOMY IPUMEPY, MOTyUYaeM:

o :I de e
sin(0) -\, - sin(9)' -1

N nocne B3gTus HHTCrpajia HaXOAUM YPaBHCHHUS I'€OHNC3NIYCCKUX JIMHUN Ha HpOCTCfII.HGM TOpE B
SIBHOM BUJIC:

0= %Jcl - (1+ crz(6) )2 +C,

14
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4. Topouna

B nanHoit pabote OyaeT pacCMOTpEH MpUMep NOCTPOSHUS 3aMKHYThIX KPUBBIX Ha TOPE.
[IycTb nan HeKoTOpbIH TOp ¢ paauycamu R u r (Puc.6).

VA

Puc. 6

Touka M (p, o, 9) (cepuyeckue KOOPAMHATHI) MPUHAAICKHUT TOPY U ABUTACTCS IO €T0

—_—

MOBEPXHOCTU CIEAYIOmUM o00pa3oM. Paamyc-BekTop 0  SBISETCS Pe3yJNbTUPYIOLIUM JIBYX

—_—

BCKTOpPOB p, U p,. Pa,tuc-BeKTop P 1 ABHIKCTCA B IJIOCKOCTH XOY u onuceIBaeT CBOMM

KOHIIOM OKPY’KHOCTBb C paaumycoM R. Bextop p , NpHUHAMIEKUT B KaXKIbIM MOMEHT BPEMEHH
IJIOCKOCTH, MpOoXoAsiel yepe3 ock OZ u nepneHAuKysipHoi 1uiockoctu XOY. Ilpuuém, sta

IUIOCKOCTb COJEPXKET BEKTOp p , M Touky M. OCHOBaHHE BEKTOpa L , HNPHUHAIICKUT KOHILY

BEKTOpa p , U

—_

=r. OKPY)KHOCTB, OITMCbIBacMasi KOHIIOM BCEKTOpa O , Ha3bIBAaCTCA 0oCeBoOM

P>

—_— —_—

auHMEH Topa. Bo Bpems OBHKEHHMs BeKTOopa L ,, BEKTOp p , COBEpLIAET PaBHOMEPHOE
BpallaTeIbHOE ABMKEHUE BOKPYT OCEBOM JIMHUU TOpA.

Omnpeneienue:
3aMKHYTYI0O KpUBYI0, 00pa30BaHHYIO ABM)KEHHUEM Touku M, OyaeM Ha3bIBaTh TOPOUIOM.

BreiBeieM ypaBHeHuWe Topouzbl. Bce BBIKIAgKu Juis yaoOcTBa OylaeM TNPOBOAWTH B
chepruecKux KOOpJAUHATAX.

15
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v
~

Puc. 7

PaccmoTpuM BekTOpHOE ypaBHEHHE, ONHCHIBAIOIIEE E€AMHUYHYIO OKPYKHOCTh (paamyc
OKpPYHOCTH paBEH €AUHMIIE) B IUIOCKOCTH XOY.

v
»

Puc. 8
¢ = ‘Z‘ (7 - Coslp)+ -Sin(p))= 7 - Coslp)+ j-Sin(p) 23)

Tenepp MOXEM NMPUCTYNUTH HENOCPEACTBEHHO K BBIBOAY ypaBHEHHsS Topousl. IlycTs B
HEKOTOPbIA MOMEHT BPEMEHH TOUKa M MMeEeT MoJ0KeHue, okazaHHoe Ha Puc. 9.

16
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O©®pany I'epman

Puc. 9

—_

p | OIKCBIBAET OKPYKHOCTH paguyca

Kak Bunum (Puc. 4), p = p, + p, . Konen Bekropa
R B uiockoctr XOY . YuntsiBas (23), MOKHO 3amucaTh BEKTOPHOE YPABHEHHE 3TOW OKPYKHOCTH

(24).
(24)

pr = R-(7 - Coslp) + J-Sin(p))

Konen BekTopa p , OIMUCBIBAET TAKXKE OKPYKHOCTb, HO paguyca » (Puc. 10).

4
7 - 1,’ — \\\
k A P \
/,_’ pZ a ‘\
> P > L .
0 > |‘ > ', Ll
e \ !
\ ’
AY ’
\ 4
\\ /I
Puc. 10
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—_—

HpI/I yCJIOBHH, YTO L , - O3TO paguyC BCKTOpP, T. €. €ro Ha4YaJO0 HAaXOJAUTCA B TOYKC 0,

YpaBHCHUC TaKoM OKPY’KHOCTHU UMECT BUA!

—_—

p, =r (E . Cos(a) + FSin(a)) (25)

—_—

[To onpeneneHuio Topouaa — 3aMKHyTas JIMHUSA. DTO 3HAYMT, YTO KOTJa O , MOBEPHETCA

Ha yroi 27, BEeKTOp L , JOJDKEH MOBEPHYThCS HAa YIoil @ - 27, TIe @ - HEKOTOPOE YUCIIO.

B 3aBucumoctu oT @ Oynem paziauyaTh TOPOHJBI ABYX THIOB. Ilpu @ =1, 2, 3, ... Oynem
1
Ha3bIBaTh TOPOMJBI TOpPOMZAMM chnupanbHoro tuna. llppy w = 1,5,5,... MOJIyYUM TOPOHJIbI

npyXUHHOTO THNA. HazBaHMs JaHBI M3 YMCTO BHEIIHUX cooOpaskeHMid. B mepBoM ciydae Topoua
MOX0’a Ha 3aMKHYTYIO CIUpalib. Bo BTopoM — HanmoMuHaeT HeKOTopyto npyxkuny (Puc. 11)

Puc. 11

y 1 y
Ha pucynke mokasaHbl TOpouabl 1l @ = 4 (CHUpaiIbHBIA THII) U @ = 1 (Ipy>KUHHBIN

THII).
VYcnoBue 3aMKHYTOCTH UMEET BBIPAKEHUE:
1
a=w-¢, WU @=—-a (26)
@
B nanpHelimemM HaM MOHAI00SITCS BRIPAKEHUS:
Cos(n-p)= Cos(p)' — C?-Cos(p)" - Sin(p)’ + C* - Cos(p)"™* - Sin(p)* — ... Q27)

Sin(n- )= n-Cos(p)"™" - Sin(p)— C: - Cos(p)"™ - Sin(p)’ + C3 - Cos(p)"™ - Sin(p)’ - ...(28)

— —

[Tycts BEKTOp o , MOBEPHETCS HA HEKOTOPBIA yrol ¢, a BEKTOp L , 3a 3TO BpeMs

MoBEpHYJICcs HAa yroil @ = @ - @ . C yuérom (1) ;; =R-e . Torna

—_—

p=(R+r-Cos(w-p))-e +r-Sin(w-p) k (29)

18
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C yuérom (27) u (28) ypaBHeHHE (29) MOKHO OBUTIO OBI HAITUCATh B PA3BEPHYTOM BHJIC, HO
BBUJIy TPOMO3JICKOCTH BBIPa)KEHUS MBI 3TOTO 37IeCh JenaTh He OyaeM. OKOHUATENbHO YpaBHEHHE
TOPOUIBI UMEET BU:

— —_—
.

p=(R+r-Cos(w-9))- [ - Cos(p)+ J - Sin(p))+r- Sin(@-0)-k  (30)

EnunuaneiM TOpoM OyeM Ha3bIBaTh TOP, Y KOToporo R =r = 1.

PaccMOTpUM HECKOJIBKO YaCTHBIX CIIy4aeB TOPOUA.

Jis cnyuas @ = 1 OyzeM MMeTh €IUHUYHYIO TOPOUAY, KOTOPYIO OJJHOBPEMEHHO MOKHO
OTHECTH U K CIIMPAIbHOMY, U K IPYKUHHOMY THIly. [loydaem Takoe ypaBHEHUE:

—

p =1+ Cos(p))- e + Sin(p)- k 31)

s cnyyas @ = 2 nosrydaeM ypaBHEHUE MPOCTEUILEN CIMPATIbHON TOPOUBI:
p=2-Cos(p)- (Cos((o)- e + Sin(p)- 17) (32)

1
s ciiydas @ = 5 [IOJIy4aeM ypaBHEHHUE IPOCTEUIIEH IPYKUHHON TOPOUIBL:

o= (1 + Cos(%)) e + sm(%) k (33)

—_

Beeném emé onHo o6o3HaueHue. (OO003HAUMM UYepe3 M EOUHUYHBIA BEKTOp B

—

HarpaBJICHUU BEKTOpaA PO , . ITo ananorum c BCKTOPOM € .

n=e- Cos(x)+ k - Sin(x)

Torpa ypaBHeHue (8) MOYKHO 3amMcaTh:

—

p=R-e+r-n,

e e =i - Cos(¢)+ ]_':Sin((p), n=e- Cos(a) . ¢)+ k - Sin(a) . ¢). A ypasrenus (31), (32) u
(33) — kak (34), (35) u (36) COOTBETCTBEHHO:

_ - —

p=e+n, (34)

—

e e =i - Cos(¢)+ fSin((p), n=e- Cos(¢)+ k - Sin(¢),
p =2-Cos(p) n , (35)
ree =i - Cos(¢)+ ;Sin((p), n=e- Cos(¢)+ K - Sin(¢),

p =e+n, (36)

19
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rue ;=7-Cos(¢)+;Sin(¢), n =e -Cos % +k - Sin %

Hemuoro Tononoruu. CKiIeuM U3 NPSMOYTOJIBHON MOJIOCH OyMaru JUIMHOW L U mupuHON

H nvict mééuyca M™ . Jluct MéGuyca MOXKeT ObITh JICBO- HJIM MPAaBO3aKpydeHHBIM. YTOOBI MX
pasnuuaTh cIlpaBa HaBepxy oT OykBel M Oyaem ctaBuTh nubo +, mmbo -. Ilycte mis
onpeaenéuHoctu Oymer +. Paspexem Ham mmet MéOGuyca BAoiab oceBoil JmHuU. [lomyunm
JIBYXCTOPOHHIOIO MTOBEPXHOCTh, KOTOPAsi HA3bIBAETCS ABAXK/Ibl CKPYUECHHBIN MIMHAP JIUHON 2L

H N
U LIAPUHOU > Takoit numuHAp Oynem oboszHayath Z*. Temeph BO3bMEM JBE OJMHAKOBBIE

MPSIMOYTOJIBHBIC TIOJIOCKH Oymaru JUIMHOW L W MIMPUHON >3 W, HanoxuB ux Opyr Ha Jpyra,

cuoBa ckienm M. Tlonydennsiii iuct MEGUyca MOXKHO pa3BepHyTh (pacciounts). Torma cHoBa
TIOJIYYHM TOT K€ CaMblii CKpydeHHBIH mumuaap Z . T. e. omepanus pa3pe3aHus U PaccloeHHs B
JAHHOM CJIy4ae TOIIOJIOTMYECKH JKBUBAJICHTHBI. Ha s3pIKE TOMONOrMM 3TO MOYKHO 3amucaTh
CIIETYIOIINM 00pa3zoMm:

M+ a EZZ+.

3nech OyKBOW «a» Haj CTpPENOYKod OyaemM o0o3HayaTh OMEpAIUIo PAacCIOCHUs (pa3pe3aHust).

OO6paTHYIO ONEpaMI0 HAa30BEM ONepaleil HacJloeH s 1 OyaeM 0603HauaTh: a ', T. €.

Z¥* < M

3aMeTuM, 4TO OKPECTHOCTh TOPOUMABI TSl Ciiydast @ = 2 OyJeT HU U4TO MHOE, KaK JBAXJIbI
CKPYYEHHBI HHJIUHIP. MOKHO TOBOPUTH O TOM, YTO TOP, KAK HOCUTEIb 3TOM TOPOUABI, SABIISETCS
HOcHTeNeM (DUTYPBI U3 KOTOPOU IMMOTOM MOYKHO MTOCTPOUTH JTUCT MEOMyca. YCIIOBHO cXeMa TaKuX
npeoOpa3oBaHUil TOKa3aHa HA PUCYHKE 7.

I 4 : | Tomnonornueckas
P : MOJEIIb TOpa
.a‘ ’ —
-1
- a b
y y
M* z*
Puc. 12
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